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Introduction



Brownian Motion and Heat Equation
Probability Space: (22,.%, P)
Brownian Motion (Wiener Process) in RY: a continuous
stochastic process By = B(t,w), t > 0, € Q, with By = 0, where
B;=(B},B?,---,BY). For F C RY,

P(BreF}= [ _plt.y)ay.
and p(t, x) is the probability density function given by
p(t,x) = (2rt)~92exp{—|x[?/2t},x € RY, t > 0.
Let X; = x + B; and ¢ € Cp(RY). Define the conditional
expectation
u(t,x) = E{p(X)|Xo = X} = E{g(x+ By)}
= /Rd o(x+y)p(t,y)dy = /Rd p(t,x—y)e(y)dy.

which satisfies the heat equation:
du 1

9F = 5AU7 u(0,x) = o(x).



Ornstein-Uhlenbeck Process
A= [aj]dxd,0 = [0jldxa: d x d- matrices.

SDEinRY: dX;= AX;dt+0cdB;, Xo=x€cRY,

t
Xt:x+/ AXsds+ o B,.
0

t
X, = ePx+ Vi, YtZG/ e(t-944B,.
0

u(t,x) = E{p(X)|X = x} = Ep(e”x + ).
which satisfies the Kolmogorov Equation:

aattl - % THRD?U + (Ax,Du),  u(0,x) = 9(x),
_du du 2
D“*(ﬁ"" ’Txd)’ Tr[RD?u] = Zr’fax,ax,

du
(AX,DU Z a,ija RIGO’*:[I’,’j]dXd.
ij=1



Stochastic Heat Equation

?;tl =Au+ W(t,x), t>0,

u(0,x)=g(x), xe2cRC, (1)
u(t,x)=0, x€dz,

X):Zerk(X)B;(, Zo-l%<°°>
i=1 k=1
where {ex} is the orthonormal set of eigenfunctions of (—A)

with eigenvalues {Ax}, and {Bf} is iid Brownian motions.
Formal Solution:

Z ufex(x). vt = (ult. )00 = [ u(t.x)en(x)ax.
duk :—)Lkut dt + odBl, Uk =gk = /@ g(x) ex(x)dx.

t
uK = e*’lk’gk+ck/0 exp{—Ax(t—s)} dBX.



By direct verification, it can be shown that
ueL?((0,T) x  Hy) (| L2( C([0, T], H),
and it satisfies
. t p
pr— A
[ uttxo0dx= [ geeax+ [ [ su(sx)e(x)ax
+ /@ o(X)aW(t, x)dXx,

for each ¢ € H}, where H= L2(2) and H} = H}(2).



Stochastic Reaction-Diffusion Equation

Initial-boundary value problem

g;’:AUJrf(u,x)JrBtW(t,x), t>0,
u(0,x) = g(x), xc?CRY, ()
u(t,x)=0, xe€dz,

where W(t,x), for x € R9, t > 0, be a continuous Wiener
random field defined in (Q2,.#, P) with mean E W(t,x) =0 and
covariance function r(x, y) defined by

EW(t,x)W(s,y) = (tAs)r(x,y), x,ycR9 where
(tASs)=min(t,s)for0 <t s<T.

Fact: Suppose that f: R x 2 — R is Lip-continuous and r(x, y)
is bounded and continuous for x,y € 2. Then, for each

g€ H, T >0, the problem (2) has a unigue solution
uel?((0,T)xQ; Hg)ﬂLZ(Q; C([0, T]; H)).



Parabolic It6 Equation
It6 Equation in Hiloert Space H (in distributional sense)

duy = [Aui+ F(up)]dt+dW;, 0<t<T,
Up=veH,

3)

where A: H' — H~" with domain HINH?, F: H— H is
Lip-continuous and W; is a H—valued Wiener process with a
trace-class covariance operator R on H.

Fact: If Ais strongly elliptic and F is Lip.-continuous, then
Eq.(3) has a unique solution
u e L3((0,T) x Q; H)NL3(Q; C([0, T); H)), which satisfies

[, e 00090~ [ ol o+ [ [ Au(sx)o(x

+/ / u(s,x))o(x) dx+/ o(x)W(t,x)dx,

for each ¢ € HJ.



Kolmogorov Equation for SPDE — Example

?;_Au+8tW”(tx) O<x<mt>0,

(0 )_UO( )7 (t,O):U(t,ﬂ'):(L

with W = Z oxBfex and uf = Z Jk€x, Where

k=1 k=1
ex(x) = V2sinkx is the elgenfunctlon of (—A) with eigenvalue
A = k2 for k=1 2 ,n. There exists a finite-dimensional

solution: u(t,- Z u¥ex(x), where uf is an O-U process

k=1
given by

t
uf:e‘kztgk+ok/o e K (t=9)gBk k=12, .n

As before, for F € C2(H) with F(v") = f(v1, vo,--- , vy), define
O(t,v") =E{F(u)|up = v"}.



Kolmogorov Equation for SPDE — Example

00 1 5020 &, 0%

ot 2 ,.G" v? k; Kov’
®(0,v™) = @(v").
Q: What happens as n — o« ?
Formally, as n — oo, the above yields
W_éTr[RD o+ (Av, Do), 4)
(D(O, V) = q)(V),

where D&, D?®, ... denote the Fréchet derivatives of ¢ in H.
Remarks:

(1)The above equation is defined only when v € Z2(A) C H!
(2) Clearly Eq.(4) has no classical solutions.

(3) In what sense the function ®(t,v) = E{F(ut)|up=Vv)}is a
solution of Eq.(4)?



Kolmogorov Equation for Parabolic It6 Equation

au; = [AUt—FF(Ut)]dt—F aWw;, 0<t<T,
Up=VEH,
where A: H' — H~" with domain HINH?, F: H— H'is
continuous and W; is a H—valued Wiener process with a
trace-class covariance operator R on H.

Let ¢ : H— R be a smooth function. Then
®4(v) =E{o(ur)|up = v}
satisfies the Kolmogorov equation:

d

atcm(v) = ZLo(v)+(F,Dd(v)), ve 2(A), t>0,

q)O(V) = (p(V)7

()

where £ will be called the O-U (Ornstein-Uhlenbeck) operator

defined by .Zo(v) = 17'r[Ft’D2d>(v)] + (Av,D®(v)), and
Do, D%, - denote the derivatives of ¢ in H.



Stochastic Control Problem

du; = [Aus+ F(ug, me)]dt+ dWs, 0<t<T,
Up=Ve H’

where F(-,1;) depends on the control n; in a bounded convex
set #7 of admissible controls.
The problem: Find n* € J#7 which minimizes the cost function

J(t,v,n) E{/ e~ B(us, ns) ds + g(ur)|ur = v},

where B: H x #7 — R™ is the running cost with the discount
rate a >0 and ¢ : H— R is the terminal cost.



Hamilton-Jacobi-Bellman Equation

Define the value function: Vi(u) = inf,c; J(t,u,m).
By the dynamic programming principle, the function ¢; = Vr_;
satisfies the H-J-B equation:

aatdn(u) = (Z—-a)di(u)+.7(u,Dds(u)), t>0,

®o(u) = o(v),
where

F(u,DP) = niery;r{(F(u,n),D¢)—i—B(u,n)}.



[2— Gauss- Sobolev Spaces



Theory in L?—-Sobolev Spaces

What are needed for L2- theory?

(R.1) Choose a suitable measure u for integration.

(R.2) Workable differential and integral calculus, such as
integration by parts formula.

(R.3) Suitable function spaces for solutions.



Linear It6 Equation

H: real separable Hilbert space with inner product (-,-) and
norm |- |.

V C H: Hilbert subspace with norm || - ||.

V’: the dual space of V with the duality pairing (-, -).

( Assume that the inclusions V ¢ H= H' c V' are dense and
continuous.)

A:V — V' : continuous closed linear operator with domain
2(A) dense in H,

W; . H-valued Wiener process with trace-class covariance
operator R.

Consider the linear stochastic equation in a distributional sense:

duy = Aurdt+dW;, t>0,
U = heH.

(6)



Assume Conditions (A):

(A1) Let A: V — V' be a self-adjoint, coercive operator such
that (—Av,v) > B||v||2, for some B > 0, and (—A) has
eigenvalues 0 <oy < ap <--- < ap < ---, counting the
finite multiplicity, with ay, 1 as n — «. The corresponding
orthonormal set of eigenfunctions {e,} is complete.

(A.2) The resolvent operator %, (A) and covariance operator R
commute.

(A.3) The covariance operator R: H — H is a self-adjoint
operator with a finite trace such that R"/2H c V.

Then the following hold:

(1) A generates a contraction semigroup {e”,t >0} on H.

(2) The solution u; is a Gaussian (diffusion ) process in H with
the transition probability ' (B) = P(ut € Blup = v), forve H
and B € #A(H).



Invariant Measure
Transition Operator: For any W € Cp(H), define
ZV(v) = Jy V(n)p(dn)

Invariant measure u :

[, Zev@u(an) = [ wn)u(dn), vV € Co(H), >0,

Lemma 1.1 Under Conditions (A), we have u/ — p (weak
convergence) in the sense that

lim 20(v) = lim [ w(n)uy(dn) = [ w(m)u(dn).
forall ve H, ¥ € Cy(H). Moreover u is the unique invariant
measure of the stochastic equation (6) , which is a centered
Gaussian measure on H supported in V with covariance

operator I = %(—A)*1 R.O



Hermite Polynormials
Let s = L*(H, ) with norm [[|®]| = { J; |&(v)Pp(av)}'/?, and
inner product [-,-] given by

[©,] = /e o(V)u(dv), fore,®e ..

Letn=(ny,no,---,ng,---), where n, € Z*, the set of

nonnegative integers, andletZ={n:n=n|= ) ny <eo}.

k=1
Let h(r) be the one-dimensional Hermite polynomial of degree
m. For v € H, define a Hermite (polynomial) functional of

degree n by
v) = [T hn (V)]
k=1

where we set /x(v) = (v,T~1/2¢,) and /2 denotes a
pseudo-inverse.

For a smooth functional ® on H, let D and D?® denote the
Fréchet derivatives of the first and second orders, respectively.



Lﬁ-Gauss-Sobolev Spaces
Let .# be the O-U operator

ZLo(v) = %F[RD%(V)] + (Av, Do(v)) (7)

defined for a polynomial functional ¢ with v € Z(A).

Theorem 1.2 The set of all Hermite functionals {Hn : n € Z}
forms a complete orthonormal system in 7. Moreover we have

L Hn(V) = —AnHn(v), VN € Z, where n=n-a =Y nxox. O
k=1
Let &, = [®, Hy]. For any positive integer m, define
P llm = [[[(1=2)™20||| = {L(1+2n)"|®n[?}/2, (8)
n

with / being the identity operator in 7 = J#. Let J¢, denote
the Gauss-Sobolev space of order m defined by

A =A{® €A [||®lm < oo}



Integration by Parts

Remarks:
(1) In particular, for m> 1, we have ¢, C 2 C H n,.

(2) The norm |||®]||1 in .74 is equivalent to the norm
1
1ol := {1l + [ Da® |2}z,

where Do = R2 Do or the derivative in the direction of
{RzH}.

Lemma 1.3 (Integration by Parts) For ¢, v € 57 and
g € (I"/2H), the following formula holds

|, (Dro.g)vdu =~ [ (Dry.g)odu+ [ (v.T""2g)o .



Recall, for a smooth function ¢, the O-U operator
Lo(v) = %Tr[Rchb(v)] + (Av, Do(v)).

Let &y be a projection operator in .7 onto its subspace .y
spanned by the Hermite polynomial functionals of degree N.
Define £y = &£n<7. Then the following theorem holds.

Theorem 1.4 (Integration by Parts) The sequence { %y}
converges strongly to a linear symmetric operator
£ 6 — , so that, for &, ¥ € 75, the following identity holds:

/H (£, V] du = / (6, 2] dy = — = / [Dr®, Dp¥]du.  (9)

Moreover £ has a self-adjoint extension, still denoted by .¥
with domain 2(.£) > 7. O



Solutions of Parabolic Equations



Linear Parabolic Equations

Let F: H— H,¥4 : H— R be bounded and continuous. For
Q€ L%((0,T); /) and ¢ € .27, consider the Cauchy problem:
d
3;21vV) = ZO(v)+(F(v), Droe(v)) + 4 (v)Pi(v)
+Qi(v), pu—aeveH, te(0,T), (10)
d)o(V) = ¢(V)7

Strong Solution: A continuous function ® : [0, T] x 7 — R is
said to be a strong solution of Eq.(10) if
¢ € C([0, T]; )N L2((0,T); »4) and it satisfies

[©,0] = [0,0]+J¢ < Lbs, 0> ds+ [J[(F,Drds), @] ds
+ 319 (v)®s(v), 9l ds+ [3[Qs, 9] I,

(11)
forallp € 74, ae. te[0,T].



Energy Estimates

Theorem 2.1 Assume that F: H — H, % : H — R are bounded
and continuous. Then the following inequalities hold

(1) Forany &,V € 7, there exist constants o, f > 0 and
Y € R, such that

| < L0,V > [ < all[®]l[+[I[W]]4,

<L, 0>< —Bll|of|[F +y]o]>

(2) There exists a positive constant C, depending on F,¥ and
T, such that, for a smooth function us(v),t € [0, T],v € J7,

T T
2 2
sup llurl2+ [ Iljusl ds+ [ fl0sus| 2 ds
0<t<T 0 J0

)
< C{|||Uo||\2+/o 11Qs 12 ds}. .



Existence Theorem

Theorem 2.2 Suppose that F: H— H,¥% : H— R are bounded
and continuous. Then, for each ¢ € 77 and Q € L?((0, T); ),
the Cauchy problem

Do(v) = Lov)+(F(v).Dadi(v)) + 4(v)oe(v)

at
+Q(v), pu—aeveH, te(0,7),
cD()(V) = (p(V)

has a unique strong solution ® € C([0, T]; 2#)N L2((0, T); 54).

Lemma 2.3 The embedding 4 (H,u) — # = L2(H,u) is
compact. (Da Prato, Malliavin, Nualart, 2002) O



Idea of Proof

1. Galerkin Approximation: Show that the finite-dimensional

problem

*‘D”(V) = Zn®{(v)+(Fa(v), DRe{(v)) +%n(v) (V)
+QMv),veH, te(0,T),
og(v) = on(v)

has a unique strong solution

®" ¢ C([0, T]; )N L2((0, T); 42).

. By the energy estimates and the compact embedding
Lemma, show that the sequences {¢"} and {$"} are
bounded in L2((0, T); #4) and L?((0, T);.5¢4)’
respectively. So there exists a function ¢ ¢ L2((0, T);.54),
with & = 9;® € L((0, T); #.1), and a subsequence {®™}
such that ™ — & ¢ [2((0, T); 74) and

d% —~ b e [2((0,T); 1).



3. Show that the weak limit ¢ is a strong solution.
For v € J7, ®", as a strong solution, satisfies

[0 w] = [o™, Y]+ [§ < Lp®%, v > ds
+ L ((Fn,, DrOY), wl ds + [[Q2, wlds,

which will converge, as nx — o, to

[0 y] = [@, ]+ f§ < Ls,y>> ds
+f(§[(F7 DR(DS),III] ds"’fot[as,l[/]ds,

or the weak limit ® is a strong solution.
4. The uniqueness follows from the energy inequality.



Nonlinear Parabolic Equations



Fundamental Solution

For ® € 77, define
Pio(v) = E{®(u;)|up = v}. (dur = Aurdt+ dWy)
H1d = e ' 2, for o > 0.

Theorem 3.1 Under Conditions (A), the transition operator %;
is defined on ¢ for all t > 0 and {Z; : t > 0} forms a strongly
continuous semigroup of linear operators on .77 with the
infinitesimal generator %, = (¥ — al) in J#. Moreover, for

¢ €, Qc L2((0,T); ), the function ®4(v) defined by

(V) = Zid(V) +/0t(,@,sos)(v) ds

is the strong solution of the Cauchy problem

J0= L0 (V) +Q =0, te(O.T).  (12)



Basic Estimates

Lemma 3.2 Letd <./, 4 and Q< L3((0, T);.#,_4) for any
integer m > 0. The following inequalities hold:

(1) 12 llm < e[| |m,

t t
@) || | 1#0-s90] s 3 < 59115+

t 1t
@) Il [ 1#-sQsdsllz < 5o [ Qs for te 0. T,
0 204 Jo
where oy = min{a,1}.



Nonlinear Parabolic Equation

d
ait\UI = ,,%\lltJr%(\llt)Jer, t>0,
Yy = O.

Assume that & : 74 — 27 is bounded and continuous such that
the following conditions hold:

(13)

(B1) There exists a positive function p; on 57 with |||p1]|| < e
such that

12(@)II? < p1 {1 +[l|®][>+ | |IDR®||?}, (Dr® = RVZD®)

(B2) There exists a positive function p, on .77 with |||pz2||| < e
such that

1(®) — ()12 < p2 {[||® — &'|[[ + [[[ Da(® — @) }.



Existence Theorem
Theorem 3.3 Suppose that .%, is given as before, and the
conditions (C1) and (C2) hold true. Then, for © € s# and
Q € L2((0,T);.»#), the Cauchy problem (13) has a unique

strong solution W € C([0, T]; )N L2((0,T); #4), forany T > 0,
so that the following equation holds for every t € [0, T], ¢ € 723:

t t t
Ve =10.01+ [ (Zays.0)) ds+ | [#(Vs).0]ds+ [ 10s.0]ds.
Moreover the solution satisfies the inequality:
2 T 2
sup [|[WilE+ [ lIiwslEds
0<t<T 0 ;
<Cr{1+ 10+ [ 1Qs]2ds}.

for some constant Cr > 0, depending on T and 4.



Idea of Proof

Introduce the Banach space X7 := C([0, T]; »#) N L?((0, T); 74)
with the norm defined by

-
V][5 = sup IIIWz|||2+/ [[Ws|[5 ds.
0<t<T 0
Define the map: .. : X7 — X7 by
t t
FiY) = 1#0)+ [ FsBo(We)ds+ [ isQsds.

Show that the map .. is a contraction map in X7 with respect
to an equivalent norm

.
[Wlf5,r = sup HI‘UtleJrfl/ IWs|[ids,
0<t<T 0

for some A > 1.



Stationary solutions



Linear Parabolic Equations

8
82‘

Theorem 4.1 Let Q; € . be bounded and continuous in
t € [0,00) such that the following condition holds in 7

-i”a‘bt-ier, by = o. (14)

lim Q= Q. (15)

t—oo
Then under conditions (A.1)—(A.3), for any © € J7, there exists
the limit

t
lim ®; = lim {%@Jr/ Hr-sQsds} =V, (16)
—oo 0

t—o0

and V € 7 satisfies the elliptic equation:

LV =—-Q. O (17)



Nonlinear Parabolic Equations

d
®y = O.

(C.1) Let A(:) : o4 — o a continuous mapping with %(0) = 0.
Suppose there exist positive constants by, bo, such that
b, < /by < a and, for any ¢,y € 4,

112(9) — ZW)II1? < billlo — w2+ bz [|RZD(0 — w)]||

(C.2) The map £ can be extended to be a continuous operator
from J# into 2741 such that
I1%2(¢0)— 2(w)|l|-1 < x]||¢ — v|||, for some constant k¥ > 0,
and for any ¢,y € 7.
(C.3) Qyis abounded continuous .7#-valued function on [0, )
such that
lim Qt =Q.

t—oo



Theorem 4.2 Suppose that conditions (C.1)—(C.3) hold. Then,
forany t > 0 and © € 7, the solution V; of the Cauchy problem
(18) converges to the limit:

lim v, = v, (19)
t—oo
and V is the mild solution of (18) which satisfies the following

equation:
V= -2,18W)+ Q] (20)

where 2, ' %(-) = £, "0 %(-) is a bounded operator on .
Moreover the solution of equation (20) is unique if, in condition
(B.2), k < Jaay with oy = min{e,1}. O



General Remarks:

(1) For parabolic equations in infinite dimensions, there is no
canonical reference measure. The measure to be chosen
must be explicit and compatible with the elliptic operator in
the equation.

(2) Unlike Sobolev spaces in R", so far, very little is known
about the properties of Gauss-Sobolev spaces. For
instance, we know the embedding .74 C 7 is compact.
But % C s is not.

(3) There exist no general Sobolev inequalities as in finite
dimension. In particular it is not known how to relate a
solution in a Sobolev space to one in the space of
continuous functions.



(1)
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